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Abstract
Within the world of mathematical probability lies the discrete distributions. The discrete distributions describe the probabilities in a sample space for an experiment with a countable set of outcomes. The outcomes of the experiment may occur with or without replacement. Here we will investigate a case where we are dealing with a countable set made up of outcomes both with and without replacement. In this paper, we discover the Binoodial distributions.
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Introduction
Within the world of mathematical probability lies the discrete distributions. The discrete distributions describe the probabilities in a sample space for an experiment with a countable set of outcomes. The outcomes of the experiment may occur with or without replacement. Here we will investigate a case where we are dealing with a countable set made up of outcomes both with and without replacement. In this paper, we discover the Binoodial distributions.

The Binoodial Distributions
A Bernoulli experiment is a random experiment where there are only two possible outcomes: success or failure. A random variable that counts  successes in  independent Bernoulli trials has a Binomial distribution. Here, the probability of success is constant at each trial. Like Binomial, the Geometric distribution is a random variable that repeats a Bernoulli experiment until, however, it obtains its first success. These repeats, a.k.a. trials, deal with a set of outcomes that do not change from experiment to experiment. We can think about this set like beads in a cup, say 20 black beads and 10 white beads.  If we reach into the cup and pick a bead, then that is a trial. If we put the bead back into the cup, then the next trial will have the same number of beads as before; we call this with replacement. If this were Geometric, and we call a success getting a black bead, then we would count the number of trials until we get our first black bead. 
What if we have a set of outcomes for a Bernoulli experiment where we remove successes but keep failures? Using the beads example, what if we put white beads back into the cup but left black beads out? If we repeat our Bernoulli experiment, where this experiment calls for outcomes corresponding to successes to be removed but outcomes corresponding to failures to be replaced, observing  successes in trials, then we call this a Binoodial distribution.

Definition: Let  be a discrete random variable where   counts the number of successes,  in  trials from a sample space with  successes, for with , have been chosen at random and only successes are without replacement. Then we say  has a Binoodial distribution.

One thing that is important to note here is that we cannot take more than  successes out of the sample space. If we did, then the last success would equal zero and thus our entire series would equal zero.
Recall how the Geometric distribution counts the number of trials until the first success. The Negative Binomial distribution counts the number of trials until our  success has occurred. Similarly, if we repeat our Bernoulli experiment, where successes are without replacement and count the number of trials until the  success, then we call this a Negative Binoodial distribution.


Definition: Let  be a discrete random variable where  counts the number of trials until the  success from a sample space with  successes, for with , have been chosen at random and only successes are without replacement. Then we say  has a Negative Binoodial distribution.

To find the probability functions of these two distributions we will first need to prove a seemingly unrelated topic. We must prove that a combination of objects can be written as a summation of summations.
	Theorem: Let  with  then


Proof: We will proceed by way of Induction. Let  with  and let  be the statement 


Base Case: Let , then by our assumption .

Let , then by our assumption  or .



Thus, the base case holds.



Induction Hypothesis: Let  with  and let  be the statement

 
Induction Step: Note that,

Then we have,

By the principle of mathematical induction,  holds has all  and thus  holds as well.

The vital application for this theorem will soon be made clear. Let us observe the probability functions for the standard Binomial and Negative Binomial.
Binomial:

Negative Binomial:

Both the Binomial and Negative Binomial functions have combinations in them. By substituting our theorem in for the Binomial formula we get,

Note that by adding  and subtracting  to the power of  we do not change the equation, similarly we can split those powers into a product and insert them into the summation.



Recall that a combination gives us the number of possible distinguishable arrangements of choosing  objects from  objects. Now, notice what we have in our formula, we have broken the combination into  distinct groups. Think about these summations as dividing walls, determining which groups the objects fall into. In other words, the first summation accounts for the number of failures that come before the first success. The second summation accounts for the number of failures that come before the second success, the third summation for the failures after the third success and on. 
With the Binomial distribution expanded in this format, we can now substitute our new corresponding  values into each group. We will denote  as the probability of success given thatsuccesses have already been obtained. This formula gives us the probability of obtaining  successes in  trials. Furthermore, we can factor out our successes from this summation due to the success being a constant in all terms.
Binoodial:


We can apply this same process to the Negative Binomial distribution. Convert the combination into the sequence of summations, add the bounds for the summations into the power, split the powers into a product, rearrange the products, and factor out the successes.


Negative Binoodial: 



To find the probability of getting  successes within  trials for the Negative Binoodial distribution, i.e., the cumulative distribution function, we can insert an additional summation between the last two failures allowing for  which lets the entire series account for all successes in less than  trials.


To prove this, we will first need to use induction to show it is true for  trials then prove it is true for  successes.
Proof: We will proceed by Induction. Let  be a Negative Binoodial random variable. Then Let  be the statement.


We will show this is true for  trials.
Base Case: Let 
Then by our assumption n=1, and in a Negative Binoodial distribution there is only one way to get one success in one trial. That is, the probability of our only success occurring. By our Formula,

Thus, the base case holds.
Induction Hypothesis: Let  be a Negative Binoodial random variable. Then Let  be the statement.



Induction Step: Note that . Then,


 Thus  holds for all  and by the principle of mathematical induction  holds as well.

Proof: We will proceed by Induction. Let  be a Negative Binoodial random variable. Then Let  be the statement.


We will show this is true for the  successes.
Base Case: Let  
Then the probability of getting 1 success within  trials in a Negative Binoodial distribution is the probability of our only success multiplied by the sum of how many failures could have occurred in  trials, i.e.,

And by our formula,


Thus, the base case holds.
Induction Hypothesis: Let  be a Negative Binoodial random variable. Then Let  be the statement.


Induction Step: Note that  holds for  and that if  increases by success then          could be Negative meaning we have more successes than trials. Thus, for  to hold, we must start from  trials.
Also note that , for  trials, all possible outcomes from , for  trials, will be in , for  trials, plus everything in  for  trials, multiplied by plus everything in  for  trials, multiplied by  and so on  times. Thus,



Thus  holds for all  and by the principle of mathematical induction  holds as well.
Mean and Variance Data 
For any distribution, the mean represents the expected value ), or average value of x. The variance  is how far away any given point is from our expected value.
Recall that we developed the probability functions from the pre-existing Binomial and Negative Binomial distributions. The Negative Binoodial distribution counts the number of trials until  successes have occurred. With this, we can think about each success of a Negative Binoodial distribution as a Geometric distribution, a.k.a. the number of trials until the next success. That is, the Negative Binoodial variable  can be thought of a summation of  different Geometric random variables, , with corresponding  probabilities. Probability and Statistics Inference tells us that if we have a distribution  that is the sum of  independent random variables , i.e., , then the mean and variance of  is,

Note that while the probability of success depends on how many successes have already occurred, if we break the experiment into a series of experiments (the number of trials until first success, the number of trials until second success, etc.) then within each set the probabilities remain the same. Thus, it does make sense to think about it as the sum of independent Geometric. This is because of how Geometric functions behave, repeating Bernoulli trials until the first success. Note that only successes change the probabilities of a Negative Binoodial distribution. Thus, in each case, the random variables are mutually independent, each with their own corresponding  values.
Negative Binoodial:


We can gather data to confirm this claim. The example of a Negative Binoodial distribution we are using is a die. We are observing how many trials it takes before we see each face of the die at least once. With that, a success is the set of unseen faces that are without replacement. To gather the data, I have made an algorithm that simulates rolling a die, records how many trials it takes, then repeats. At the very end we can average out our trials to find the expected value and to find how far any given outcome is from that average.
If the mean and variance of the Negative Binoodial distribution was the sum of each outcome as a Geometric distribution then, for a die, our corresponding  values would be the probability of getting any of the six faces, then five of the six faces, four of the six, and so on:



Thus, the expected number of trials would be 14.7 with a variance of 38.99. Running the algorithm for one million trials yielded:
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After 14.695 million dice rolls, we have an error of 0.005 on the mean and 0.048 on the variance, compared to the formula. To make sure this was not a coincidence, I tested this on different size distributions using the same algorithm for 100,000 iterations, simulating rolling different sided objects which yielded:



	# of sides
	 by formula
	 by formula
	 by algorithm
	 by algorithm

	5
	11.42
	25.17
	11.437
	25.301

	4
	8.33
	14.44
	8.349
	14.567

	3
	5.5
	6.75
	5.509
	6.784

	2
	3
	2
	2.998
	1.994



With each case being within about a hundredth from the calculated formula, it is reasonable to conclude that the mean and the variance for the Negative Binoodial distribution is in fact the sum of each success as a Geometric distribution.
As for the Binoodial distribution, there is no clear connection to the expected value and variance to other distributions. For this distribution, I created another algorithm that randomly generates numbers. If it obtains a success, then it starts over generating numbers from one less than the original. From there, if it obtains another success, then it starts over generating numbers from one less than the previous and on until we complete our desired number of trials, counting the number of successes obtained.
I ran this algorithm for 100,000 iterations to obtain a single coordinate point. I repeated this and increased the number of trials to gather more data points, filling out the approximate curve for the given sample space. After I found the best fit curve, I gathered data for seven more sample spaces and their respective approximate curves. The equation I found to work best for all eight curves was as follows,





To confirm this formula, I ran another algorithm with conditions radically different from the other eight. This one being a sample space of one hundred outcomes, five successes in the sample space, and 56 trials. By our formula this comes out to about 2.1955. For a million iterations, the algorithm yielded 2.1663, an error of 0.0292. Something I observed was that, while this formula corresponds to each curve, it begins as an overestimate then ends as an overestimate. With that, there is an unknown error term in play that tilts this curve to its proper place.
As for the variance for the Binoodial distribution, due to time constraints as a student, I did not find a formula to approximate it. What I can say is that it should have a root at zero, increase for an interval, then tend towards zero as the number of trials approaches infinity. A function I found to resemble this shape was as follows,


Moment Generating Function
A moment-generating function (mgf or ), defined as  for a random variable is an alternative function for its probability distribution. If a moment-generating function exists, then there is only one distribution of probability associated with that mgf. Similar to before, Probability and Statistics Inference tells us that if we have a distribution  that is the sum of  independent random variables , i.e., , then the moment-generating function of  is the product of the moment-generating functions of .

With this, we can multiply the mgf of each Geometric random variable together to obtain the mgf for the Negative Binoodial distribution. The mgf for the Geometric distribution is:

By multiplying this function, each with a corresponding probability for each  we obtain:

Note that our  bound is unique for all  and without loss of generality,

Thus, for the Negative Binoodial mgf,  must satisfy being less than the least of these, i.e.,

One useful feature of the moment-generating function is that it gives us a straightforward way to compute the mean and the variance. When we take the derivative of the mgf, with respect to , and set , then . Similarly, taking the second derivative with , then  which can be used to find the variance by subtracting the squared mean from it, .
We can use this to confirm our mean and variance from a previous example. Recall how a die can be used to create a Negative Binoodial distribution by rolling it repeatedly until each face shows at least once. Then the corresponding values are as follows:




Taking the first and second derivative of this function is far too messy to include in this paper, but the results confirm our hypothesis.  and  which are the exact values we previously predicted in this paper. It is reasonable to conclude that this is indeed the mgf for the Negative Binoodial distribution.

Related Material
It is to be noted that there is other work that is very similar to the Binoodial distributions. Things like the Coupon Collector Problem or work involving sums of Negative Binomial/Geometric distributions. I am not certain whether my research here is truly unique to any prior work but can proudly say that all my findings were done by my own effort.

Conclusion
The Binoodial distributions describe discrete random variables that deals with a set of outcomes in which “successes” occur without replacement, but “failures” are with replacement. The Binoodial distribution counts the number of successes in  trials. The Negative Binoodial distribution counts the number of trials until  successes have occurred. 
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